Abstract. The Darboux theorem in symplectic geometry implies that any two points in a connected symplectic manifold have neighbourhoods symplectomorphic to each other. The impossibility of such a theorem in the more general multisymplectic framework appears to be, at least, folkloristic, but no explicit counterexample seems to exist in the literature.
Introduction
One of the most striking facts of symplectic geometry is the Darboux theorem, saying that given a symplectic manifold (M, ω) of real dimension 2n and a point p ∈ M , there exists a chart (U, φ) of M near p, such thatω = (φ −1 ) * (ω| U ) is a two-form with constant coefficients on the open set φ(U ) ⊂ R 2n . In fact, φ can be chosen in a way, such thatω = n i=1 e i ∧ e n+1 , where {e 1 , ..., e 2n } is the standard basis of (R 2n ) * . Going to multisymplectic forms, i.e. k-forms α on a manifold M , which are nondegenerate in the sense that the map T M → Λ k−1 T * M, v → ι v ω is injective, one can ask if the following "naive" generalization of the Darboux theorem holds:
The answer to this question is no, which is certainly known in the field (cf., e.g., [2, Remark 31]), but we could not pinpoint a reference explictly exhibiting a counterexample. In this short note we construct for degree k = 3 a counterexample to the above question on R 6 .
The first section recapitulates the fundamental facts about the action of GL(V ) on the non-degenerate elements of Λ 3 V * for a six-dimensional real vector space V , whereas in the second section we construct a class of multisymplectic three-forms on R 6 not allowing an atlas of Darboux charts.
If the necessary condition of locally constant linear type and additional further constraints are imposed on a multisymplectic manifold, restricted Darboux-like theorems can be found in the literature (cf., e.g., [3, 5, 7, 10] and the internet source [1] ).
Equivalence classes of non-degenerate three-forms in dimension six
On a finite-dimensional real vector space V an alternating form Obviously non-degenerate 1-forms can only occur on vector spaces of dimensions 0 and 1, so the case k = 1 will be excluded in the sequel.
In the case k = 2 a non-degenerate form α exists, if and only if dim R V is even. Moreover, by the symplectic basis theorem, for any basis
Especially all non-degenerate two-forms form a single GL(V )-orbit inside Λ 2 V * , i.e. for a fixed even-dimensional vector space there exists only one linear type of symplectic forms.
In stark contrast to the symplectic case, for higher degree forms there can be many non-degenerate GL(V )-orbits. For k = 3 multiple non-degenerate orbits exist, if and only if the dimension of V is greater or equal to six (cf. [4, 8] ). Let us recall the six-dimensional case in more detail. Construction 1.1. Let V be a six-dimensional real vector space and α ∈ Λ 3 V * non-degenerate. Regard the map
] Let V be a six-dimensional real vector space, Ω ∈ Λ 6 V * \{0} a volume form and {e 1 , ..., e 6 } an ordered basis of V * . Let α ∈ Λ 3 V * be nondegenerate. Then there is a unique scalar λ α ∈ R, such that trace(J
The non-vanishing and sign of λ α do not depend on the choice of volume form and we have:
(i) there exists g ∈ GL(V ) such that g * (α) = α (i) if and only if λ α > 0, (ii) there exists g ∈ GL(V ) such that g * (α) = α (ii) if and only if λ α < 0, (iii) there exists g ∈ GL(V ) such that g * (α) = α (iii) if and only if λ α = 0, where 
For the naive generalization of the Darboux theorem from symplectic geometry (cf. [9] ) to hold in multisymplectic geometry, each point in any multisymplectic manifold (M, ω) must necessarily have a neighbourhood U , such that ω p has the same linear type for all p in U .
We will now construct a counter-example to the above by exhibiting a multisymplectic manifold (M, ω) with variable linear types in the "smallest" possible situation, i.e., dim R M = 6 and k = 3.
is non-degenerate for all t ∈ R and
Proof. We write e i for the standard basis vectors of R 6 and dx ij instead of dx i ∧dx j . We have
As no pair of indices above appears twice, no non-trivial linear combination of the above 2-forms will yield zero, i.e. α = α t is non-degenerate for all t. Next we calculate J α :
Applying the canonical isomorphism Λ 5 R 6 ∼ = R 6 ⊗ Λ 6 (R 6 ) * we get
, which finishes the proof.
The above lemma shows, that {α t |t ∈ R} contains elements of all the linear types discussed in Theorem 1.2. We now use this fact to construct a multisymplectic structure on R 6 , which has different linear types at different points.
Proposition 2.3. Let f : R 6 → R be a smooth function. The manifold R 6 equipped with the form
is multisymplectic of degree 3, if f only depends on x 2 , x 4 and x 5 . For p in R 6 , the form ω 
